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Abstract
It is known that if every vertex v of an outerplanar graph G is given a list L(v) of at least
two colours, then G has an (L; 2)∗-colouring; that is, one can colour each vertex with a colour
from its own list so that no vertex has more than two neighbours with the same colour as itself.
It is proved here that if, in addition, |L(u)∩L(v)|6 1 for each edge uv, or |L(u)∪L(v)|¿ 4 for
each edge uv, then G has an (L; 1)∗-colouring, and if |L(u)∪L(v)|¿ 5 for each edge uv then G
has an (L; 0)∗-colouring (a proper L-colouring). All possible choosability results of these types
for outerplanar graphs, K2;3-minor-free graphs and K4-minor-free graphs are also described here.
c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
A graph is outerplanar if it can be embedded in the plane in such a way that all
vertices are in the boundary of the outside face. If H is a graph, then a graph G is
H -minor-free if G does not have H as a minor, i.e. if one cannot form H from G
by contracting edges and deleting edges and vertices. It is well known that a graph is
outerplanar if and only if it is both K2;3-minor-free and K4-minor-free.
By a list-assignment to a graph G we mean an assignment of a ‘list’ (set) L(v)
of ‘colours’ to each vertex v of G. A k-list-assignment is a list-assignment such that
|L(v)|¿k for each vertex v. A (k;∩6l)-list-assignment is a k-list-assignment such that
|L(u)∩L(v)|6l for each edge uv. A (k;∪¿l)-list-assignment is a k-list-assignment
such that |L(u)∪L(v)|¿l for each edge uv. If L is a list-assignment, then an L-
colouring of G is a vertex-colouring (not necessarily proper) in which each vertex v
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receives a colour from its own list L(v). An (L; d)∗-colouring is an L-colouring in
which no vertex has more than d neighbours with the same colour as itself. We say
that G is (L; d)∗-choosable if it has an (L; d)∗-colouring; G is ((k;∩6l); d)∗-choosable
or ((k;∪¿l); d)∗-choosable if G is (L; d)∗-choosable whenever L is a (k;∩6l)-list-
assignment or a (k;∪¿l)-list-assignment, respectively; G is (k; d)∗-choosable if it is
((k;∩6k); d)∗-choosable or, equivalently, if it is ((k;∪¿k); d)∗-choosable (the in-
tersection and union conditions here having no e;ect); and G is k-choosable if it is
(k; 0)∗-choosable (that is, it has a proper L-colouring for every k-list-assignment L).
Note that a (k;∩6k−t)-list-assignment is necessarily a (k;∪¿k+t)-list-assignment,
but not vice versa (unless every list is required to have exactly k colours). Replacing
the condition |L(v)|¿k by |L(v)|= k in the de?nition of ((k;∪¿l); d)∗-choosability
would convert it into an alternative de?nition of ((k;∩62k−l); d)∗-choosability, while
the same change in the de?nition of ((k;∩6l); d)∗-choosability would make no di;er-
ence to it. Clearly every graph is ((k;∩60); 0)∗-choosable, for every positive integer
k—just choose an arbitrary colour for each vertex from its own list.
It is clear that if a graph is ((k;∪¿l); d)∗-choosable then it is ((k ′;∪¿l′); d′)∗-
choosable whenever k ′¿k; l′¿l and d′¿d. Hence in describing the triples (k; l; d) for
which G is ((k;∪¿l); d)∗-choosable, it suDces to list the triples that are minimal in
each coordinate. A similar remark applies to ((k;∩6l); d)∗-choosability, except that
here l should be maximized while k and d are minimized.
All possible choosability results of these types for the classes of outerplanar graphs,
K2;3-minor-free graphs and K4-minor-free graphs are now known, and are tabulated
(using the convention of the previous paragraph) in Table 1. Since the ?rst of these
three classes is the intersection of the other two, we can deduce from Table 1 that, for
example, outerplanar graphs are (2; 2)∗-choosable because they are K2;3-minor-free,
but are (3; 0)∗-choosable (that is, 3-choosable) because they are K4-minor-free.
Dirac [1] showed that every K4-minor-free graph contains a vertex with degree
at most 2, and an easy inductive argument then shows that every such graph is 3-
choosable, that is, (3; 0)∗-choosable. Thus every outerplanar graph is (3; 0)∗-choosable.
It follows from a theorem of ISkrekovski ([3], see also [2]) that every outerplanar
graph is (2; 2)∗-choosable. We shall prove in Section 3 that every outerplanar graph
is ((2;∩61); 1)∗-choosable, ((2;∪¿4); 1)∗-choosable and ((2;∪¿5); 0)∗-choosable.
Since every graph is ((k;∩60); 0)∗-choosable for every positive integer k, this will
complete the justi?cation of all the results in Table 1 for these two classes of graphs.
The results for K2;3-minor-free graphs will be proved in Section 4. We ?rst, in Sec-
tion 2, show that the results in Table 1 are all best possible.
2. The examples
Examples are given in Table 1 to show that the ?gures in the top three rows of the
table are best possible; here + denotes ‘join’, and choosability fails in each case when
every vertex is given the same list of colours.
To complete the proof that every other entry in Table 1 is best possible, we require
?ve examples (Examples 2.1–2.5). We then give two further examples, of planar graphs
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Table 1
Values for which every graph in the named class is (k; d)∗-choosable, ((k;∩6 l); d)∗-choosable or
((k;∪¿ l); d)∗-choosable
K2; 3-minor-free Outerplanar K4-minor-free
(4; 0)
(3; 1) (3; 0) (3; 0)
(2; 2) (2; 2)
Not (3; 0): K4
Not (2; 1): see right Not (2; 1): K1 + 2K1; 2 Not (2; d):
Not (1; d): see right Not (1; d): K1; d+1 K1 + (d+ 1)K1; d+1
((4;∩64); 0)
((3;∩63); 1) ((3;∩63); 0) ((3;∩63); 0)
((3;∩62); 0)
((2;∩62); 2) ((2;∩62); 2)
((2;∩61); 1) ((2;∩61); 1)
((2;∩60); 0) ((2;∩60); 0) ((2;∩60); 0)
((1;∩60); 0) ((1;∩60); 0) ((1;∩60); 0)
((4;∪¿4); 0)
((3;∪¿3); 1) ((3;∪¿3); 0) ((3;∪¿3); 0)
((3;∪¿4); 0)
((2;∪¿2); 2) ((2;∪¿2); 2)
((2;∪¿4); 1) ((2;∪¿4); 1)
((2;∪¿5); 0) ((2;∪¿5); 0)
(Examples 2.6 and 2.7), since they may be useful elsewhere, and they can be derived
quite easily from Examples 2.4 and 2.5.
Example 2.1. A K4-minor-free graph that is not ((2;∪¿l); d)∗-choosable (l; d∈N).
Let G be the complete-bipartite graph K2; k2(2d+1), where k= max{2; l− 1}. Let u; v be
the two vertices in the 2-set, let L(u) and L(v) be disjoint sets of k colours each, and
for each pair of colours a∈L(u) and b∈L(v) let 2d + 1 vertices in the other partite
set have list {a; b}. Then whatever colours are given to u and v, at least one of u; v
must be adjacent to more than d vertices with the same colour as itself.
Example 2.2. A K4-minor-free graph that is not ((2;∩61); d)∗-choosable (d∈N).
For Example 2.2, we can use Example 2.1 for any value of l.
Example 2.3. An outerplanar graph that is not ((2;∩61); 0)∗-choosable.
Take two 4-cycles, C1 with lists {a; b}, {a; c}, {c; d} and {a; d} in cyclic order
round C1, and C2 with lists {a; b}, {b; c}, {c; d} and {b; d} in cyclic order round
C2, and identify the two vertices with list {a; b} into a single vertex v. If v is given
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Fig. 1. The graph H1.
colour a then we get a contradiction in C1, and if it is given colour b then we get
a contradiction in C2.
Example 2.4. An outerplanar graph that is not ((2;∪¿3); 1)∗-choosable.
Consider ?rst the graph H1 shown in Fig. 1 with a list L(x) of colours written
against each vertex x. (Here for convenience we write lists in the form abc rather than
{a; b; c}.) Observe that this is a (2;∪¿3)-list-assignment: |L(x)|¿2 for each vertex x,
and |L(x)∪L(y)|¿3 for each edge xy. Suppose ?rst that v and w are given colours
a and b, respectively, and that v is proper (that is, it has no neighbour with the same
colour as itself). It is easy to see that H1 has no (L; 1)∗-colouring with these properties.
For, the vertex with list ab must be given colour b, which means that no other vertex
can have colour a or b, and so the three top left vertices must all be given colour c,
which is impossible in an (L; 1)∗-colouring. We get a similar contradiction on the right
if v and w are given colours a and b∗ and v is proper. It follows that if v has colour
a then v cannot be proper.
Now take four copies of H1, disjoint except that the four vertices corresponding
to v are all identi?ed into a single vertex also called v, which is a cut-vertex in
the resulting outerplanar graph G1. Assign lists to all the copies exactly as in Fig. 1,
but in two of the copies change a to a′ in the lists of all vertices other than v. We
obtain a (2;∪¿3)-list-assignment L1 to G1. If G1 has an (L1; 1)∗-colouring, then we
may suppose by symmetry that v receives colour a, and v must be proper in at least
one of the two copies of H1 with the unchanged lists. As we saw in the previous para-
graph, this is impossible. Thus G1 is an outerplanar graph that is not ((2;∪¿3); 1)∗-
choosable.
Example 2.5. An outerplanar graph that is not ((2;∪¿4); 0)∗-choosable.
Consider the graph H2 shown in Fig. 2, with the lists of colours as indicated. Suppose
?rst that v and w are given colours a and b, respectively. It is easy to see that H2
has no (L; 0)∗-colouring with these properties, since the vertices on the left with lists
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Fig. 2. The graph H2.
abc, cd and acde must be given colours c, d and e, respectively, and then there is no
colour to give to the vertex with list ae. We get a similar contradiction on the right if
v and w are given colours a and b∗. It follows that v cannot have colour a.
Now take three copies of H2, disjoint except that the three vertices corresponding
to v are all identi?ed into a single vertex also called v, which is a cut-vertex in the
resulting outerplanar graph G2. Assign lists to all the copies exactly as in Fig. 2, but
in one copy change a to a′, and in another copy change a to a′′, in the lists of all
vertices other than v. We obtain a (2;∪¿4)-list-assignment L2 to G2. If G2 has an
(L2; 0)∗-colouring, then we may suppose by symmetry that v receives colour a, and we
saw in the previous paragraph that this is impossible. Thus G2 is an outerplanar graph
that is not ((2;∪¿4); 0)∗-choosable.
Example 2.6. A planar graph that is not ((3;∩62); 1)∗-choosable, and also
not ((3; ∪¿4); 1)∗-choosable.
Let F1 :=K1+6G1, where G1 is the outerplanar graph constructed in Example 2.4, with
list-assignment L1. Let the vertex in the K1 be u, with list of colours {d; d′; d′′}. In two
copies of G1, add d to the list of every vertex x such that |L1(x)|=2; in two copies
do the same with d′; and in the remaining two copies do the same with d′′. Let the
resulting list-assignment be L′1. Then |L′1(x)|=3 for every vertex x∈V (F1), and L′1 is
both a (3;∩62)-list assignment and a (3;∪¿4)-list assignment to F1. If F1 has an
(L′1; 1)
∗-colouring then, regardless of which colour is given to u, there must be a copy
of G1 with an (L1; 1)∗-colouring, which we showed to be impossible in Example 2.4.
Example 2.7. A planar graph that is not ((3;∪¿5); 0)∗-choosable.
Let F2 :=K1+3G2, where G2 is the outerplanar graph constructed in Example 2.5, with
list-assignment L2. Let the vertex in the K1 be u, with list of colours {f;f′; f′′}. In
one copy of G1, add f to the list of every vertex; in one copy do the same with f′;
and in the remaining copy do the same with f′′. Let the resulting list-assignment be
L′2. Then |L′2(x)|¿3 for every vertex x∈V (F2), and L′2 is a (3;∪¿5)-list assignment
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to F2. If F2 has an (L′2; 0)
∗-colouring then, regardless of which colour is given to
u, there must be a copy of G2 with an (L2; 0)∗-colouring, which we showed to be
impossible in Example 2.5.
3. Proofs for outerplanar graphs
The following theorem shows that every outerplanar graph is ((2;∩61); 1)∗-
choosable. As before, we say that a vertex in a coloured graph is proper if it has
no neighbour with the same colour as itself.
Theorem 3.1. Let G be an outerplanar graph, let v1v2 be an edge in the boundary
of the outside face, let L be a (2;∩61)-list-assignment to G, and let a∈L(v1) and
b∈L(v2). Then G has an (L; 1)∗-colouring  such that (v1)= a; (v2)= b and either
a= b or v1 is proper. Moreover, if a = b then  can be chosen so that v2 too is proper,
except when there is a vertex w adjacent to both v1 and v2 such that L(w)= {a; b}.
Proof. Suppose if possible that G is a counterexample to the theorem with as few ver-
tices as possible. Clearly |V (G)|¿2 and G is connected. If G is not 2-connected, let x
be a cut-vertex, so that G=G1 ∪G2 where G1 ∩G2 = {x}; G1 =G =G2 and v1; v2 ∈G1
(possibly v1 or v2 = x). Since G was a minimal counterexample, G1 has an (L; 1)∗-
colouring 1 satisfying all the required conditions, and G2 has an (L; 1)∗-colouring
2 such that 2(x)= 1(x) and x is proper in 2. These two colourings together give
the required (L; 1)∗-colouring of G, and this contradiction shows that G must be 2-
connected.
Let f be the inside face of G with the edge v1v2 in its boundary, and let w
be the vertex of f adjacent to v2. Form G′ from G by adding the edge v1w if it
was not already present, and form L′ from L by setting L′(v1) := {a; a′} where a′ is
a previously unused colour, and setting L′(x) :=L(x) for all x = v1. Then we can write
G′=G1 ∪G2 ∪{v1v2}, where G1 ∩G2 = {w}, v1w∈G1 and v2w∈G2. Note that L′ is
a (2;∩61)-list-assignment to G′, and an (L′; 1)∗-colouring  with (v1)= a is auto-
matically an (L; 1)∗-colouring.
Suppose ?rst that L(w)= {a; b}. Then a = b, and neither G1 nor G2 can contain
a vertex adjacent to w that also has list {a; b}. Since G was a minimal counterexample,
G1 has an (L; 1)∗-colouring 1 such that 1(v1)= a, 1(w)= b, and v1 and w are both
proper, and G2 has an (L; 1)∗-colouring 2 such that 2(v2)= 2(w)= b. If v1w∈G
then these two colourings together give the required (L; 1)∗-colouring of G, in which
v1 is proper and v2 is not. If on the other hand v1w =∈G, then we interchange the roles
of G1 and G2: G1 has an (L; 1)∗-colouring 1 such that (v1)= (w)= a, and G2 has
an (L; 1)∗-colouring 2 such that 2(v2)= b, 2(w)= a, and v2 and w are both proper.
These two colourings together give the required (L; 1)∗-colouring of G, in which v1
and v2 are both proper. In each case we have the required contradiction.
Suppose now that L(w) = {a; b} (where a and b may now be either the same or
di;erent). Then there is a colour c∈L(w)\{a; b}. Suppose, moreover, that if there is
a vertex w1 ∈G1 that is adjacent to both v1 and w and has list L(w1)= {a; d} for
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some colour d (possibly d= b), then we can choose c∈L(w)\{a; b; d}. Then G1 has
an (L; 1)∗-colouring 1 such that 1(v1)= a, 1(w)= c, and v1 and w are both proper,
and G2 has an (L; 1)∗-colouring 2 such that 1(v2)= b, 2(w)= c, and v2 is proper.
These two colourings together give the required (L; 1)∗-colouring of G, in which v1
and v2 are both proper.
It remains to consider the possibility that we cannot choose c as in the previous
paragraph; that is, there is a vertex w1 ∈G1 that is adjacent to both v1 and w and has
list L(w1)= {a; d} for some colour d, and L(w)\{a; b; d}= ∅. This can happen only if
a = b =d = a and L(w)= {b; d} (since we are supposing here that L(w) = {a; b}). In
this case there is no vertex w2 adjacent to both v2 and w with list L(w2)= {b; d}. Thus
we can interchange the roles of G1 and G2, v1 and v2, and a and b, in the previous
paragraph (with c :=d), again obtaining an (L; 1)∗-colouring of G in which v1 and v2
are both proper. This contradiction completes the proof of Theorem 3.1.
The proof that every outerplanar graph is ((2;∪¿4); 1)∗-choosable is almost iden-
tical to the above.
Theorem 3.2. The same as Theorem 3.1, but with L being a (2;∪¿4)-list-assignment
instead of a (2;∩61)-list-assignment.
Proof. The proof follows that of Theorem 3.1, with only two very minor changes. The
?rst is that in the second paragraph of the proof, instead of de?ning L′(v1) := {a; a′}, we
form L′(v1) by adding extra (unusable) colours to L(v1) if necessary so that
|L′(v1)∪L′(w)|¿4. The second change is that in the penultimate paragraph of
the proof, if there is a vertex w1 ∈G1 that is adjacent to both v1 and w and has
list L(w1)= {a; d} for some colour d, then we must now be able to choose
c∈L(w)\{a; b; d}; thus the ?nal paragraph of the proof is unnecessary.
We now prove that every outerplanar graph is ((2;∪¿5); 0)∗-choosable. This fol-
lows from the following theorem. By a 2-vertex we mean a vertex with degree 2.
Theorem 3.3. Let G be an outerplanar graph, let v1v2 be an edge in the boundary
of the outside face, let L be a (2;∪¿5)-list-assignment to G, and let a∈L(v1) and
b∈L(v2), where a = b. Then G has an (L; 0)∗-colouring  such that (v1)= a. More-
over, if |L(v2)|=2 then  can be chosen so that (v2)= b.
Proof. Suppose if possible that G is a counterexample to the theorem, but no proper
subgraph of G is a counterexample. Then L(x)∩L(y) = ∅, for each edge xy = v1v2,
since otherwise G− xy would be a smaller counterexample. Clearly |V (G)|¿2 and G
is connected. In fact, G must be 2-connected, since otherwise we get a contradiction
in exactly the same way as in the proof of Theorem 3.1.
Suppose that G has a chord xy, i.e. an edge xy that is not in the boundary of the
outside face, such that |L(x)|=2. Then we can write G=G1 ∪G2 where G1 ∩G2 =
{x; xy; y}, G1 =G =G2 and v1; v2 ∈G1. Since G was a minimal counterexample, G1 has
an (L; 0)∗-colouring 1 satisfying the conditions stated in the theorem, and G2 has an
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(L; 0)∗-colouring 2 such that 2(x)= 1(x) and 2(y)= 1(y). These two colourings
together give the required (L; 0)∗-colouring of G, and this contradiction shows that G
can have no such chord.
It follows that if |L(x)|=2 then x is not the endvertex of a chord, and so x has
degree 2. Conversely, if x has degree 2 and x =∈{v1; v2} then |L(x)|=2, since otherwise
G−x would be a smaller counterexample. Let the vertices in order round the boundary
of G be v1; v2; : : : ; vn. If vi is a 2-vertex (36i6n), and j= i±1, then |L(vj)|¿4, and if
L(vi)⊂L(vj) then |L(vj)|¿5 (interpreting subscripts modulo n). For each such 2-vertex
vi, choose ci ∈L(vi)\L(vi+1) if possible, otherwise let ci be an element of L(vi) chosen
at random (but choose ci = a if i= n). If v3 is a 2-vertex and c3 = b, then choose
b′ ∈L(v2)\{a; b}, otherwise de?ne b′ := b; note that in the former case |L(v2)| =2, and
so in either case we are happy if v2 is coloured with b′. For each 2-vertex vi (36i6n),
colour vi with ci, delete vi from G, and remove ci from L(vi−1) and L(vi+1). In the
resulting outerplanar graph G′, every vertex x =∈{v1; v2} has a list L′(x) of at least three
colours. A simple inductive argument (removing a vertex of degree 2 di;erent from v1
and v2) shows that G′ has an (L′; 0)∗-colouring ′ such that ′(v1)= a and ′(v2)= b′.
This gives the required (L; 0)∗-colouring  of G, and this contradiction completes the
proof of Theorem 3.3.
4. Proofs for K2;3-minor-free graphs
The proofs for K2;3-minor-free graphs are now simple. It is not too far from the truth
to say that any result of this type that holds for K4 and for every outerplanar graph will
also hold for every K2;3-minor-free graph. Since ((3;∪¿4); 0)∗-choosability implies
((3;∩62); 0)∗-choosability, and moreover every graph is ((k;∩60); 0)∗-choosable for
every positive integer k, Theorem 4.1 implies all the results stated for K2;3-minor-free
graphs in Table 1.
Theorem 4.1. Every K2;3-minor-free graph is
(a) 4-choosable, (e) ((2;∩61); 1)∗-choosable,
(b) (3; 1)∗-choosable, (f ) ((2;∪¿4); 1)∗-choosable,
(c) ((3;∪¿4); 0)∗-choosable, (g) ((2;∪¿5); 0)∗-choosable.
(d) (2; 2)∗-choosable,
Proof. We shall prove the marginally stronger statement that if L is a suitable list-
assignment to a K2;3-minor-free graph G, and v is any speci?ed vertex of G and c
is any colour in L(v), then G has a satisfactory L-colouring  such that (v)= c and
v is proper. Here, by a suitable list-assignment, we mean a 4-list-assignment in case
(a), a 3-list-assignment in case (b), a (3;∪¿4)-list-assignment in case (c), and so on;
and a satisfactory L-colouring is a proper L-colouring in cases (a), (c) and (g), an
(L; 1)∗-colouring in cases (b), (e) and (f), and an (L; 2)∗-colouring in case (d).
Suppose if possible that G is a counterexample to this stronger statement with as
few vertices as possible. Clearly G must be connected.
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Suppose ?rst that G is outerplanar, so that G has a vertex u = v with degree d(u)62.
This is impossible in cases (a)–(c), because then G− u would be a smaller counterex-
ample. It is also impossible in the remaining cases, since then the result follows directly
from the work of ISkrekovski [3] in case (d), and from Theorems 3.1, 3.2 and 3.3 in
cases (e), (f) and (g), respectively.
It follows that G is not outerplanar, and so G must have K4 as a minor. Since the
graph obtained from K4 by subdividing one edge has K2;3 as a minor, it follows that G
has K4 as a subgraph, and indeed that every copy of K4 within G is a block of G. If
G ∼= K4 then it is not diDcult to see that the result holds. So we may suppose that G
has a cut-vertex x, say, and that G=G1 ∪G2 where G1 ∩G2 = {x}, G1 =G =G2 and
v∈G1 (possibly v= x). Since G was a minimal counterexample, G1 has a satisfactory
L-colouring 1 such that 1(v)= c and v is proper, and G2 has a satisfactory L-colouring
2 such that 2(x)= 1(x) and x is proper. These two colourings together give the
required satisfactory L-colouring  of G such that (v)= c and v is proper, and this
contradiction completes the proof of Theorem 4.1.
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